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Statistics in Question SHEILA M GORE

ASSESSING METHODS-

RECOGNISING LINEARITY

Altman' has given a good account of the misuses of linear
regression, noting that these are evident to the reader only if a
scattergram of the data is published. In this article examples of
how to look at scattergrams are given so that readers may
develop a feel for correct applications and know how to recognise
(a) when a regression function is non-linear, (b) when and why it
is necessary to use weighted least squares, and (c) the danger
of extrapolation beyond the data. Statisticians look first at a plot
of the observations, judging from that the reasonableness of
assuming a simple linear relation between the predicted and
explanatory variable (with the attendant condition of constant
variance about the regression line). I recommend this practice
to doctors who want to explore their data carefully. The corollary
is that for competent reporting of research findings authors
should publish the relevant scatter plot-so that the method
of analysis seems as obvious and convincing to the reader as it
did to the investigators. Effective communication of results is a
worthwhile goal after all.

Simple linear regression

(13) Estimate from the linear regression function in the figure
below the expected reaction time for a surgeon whose heart rate
is 90 beats per minute. Why is it unwise to use the figure for
predicting mean reaction time when heart rate is 60 or 160 beats
per mninute ?

-the expected reaction time is 568 milliseconds

-the estimated linear regression function of reaction
time on heart rate strictly applies only within the range
of the observations; heart rates of 60 or 160 beats per
minute are outside that range

COMMENT

Foster et al2 reported significantly slower reaction time for
surgeons whose heart rate while performing operations was
lowered by oxprenolol. The outline for this example has some
real basis, therefore, but the data in the figure are fictitious, as is
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Simple linear regression function for mean reaction time given the
heart rate (fictitious data).
- denotes interval mean. Regression line for mean reaction time is
783 -(2-4 x heart rate). Estimate of mean reaction time given a heart
rate of 90 beats per minute has a standard error of 4-6 milliseconds.
Residual variance at2 is 830 5.
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the form-linear-of the regression function. The idea of a
regression function is that it gives a formula for estimating the
mean of the dependent variable (reaction time in my example)
for given values of the explanatory variable (heart rate). This idea
is illustrated in the figure, which, besides showing the scatter
of the 50 pairs of observations, plots for intervals of heart rate-
from the lowest to highest heart rate, grouping so that each inter-
val has the same number of observations-the mean reaction
time for surgeons whose heart rate fell in a particular interval
against the corresponding mean heart rate. The symbols - in
the figure lie approximately in a straight line with negative slope,
giving the form of the regression function as reasonably linear.

It is important to remember that the regression function
estimates the mean reaction time for a given heart rate. Different
surgeons tested at this heart rate will record reaction times that
centre on the estimated expectation but deviate individually in a
random fashion from it (as shown in the scatter plot). Testing
the significance of and estimating confidence intervals for the
parameters-slope and intercept for a linear regression function
-are straightforward if we can reasonably assume that individual
reaction times are normally distributed about their expectation.
From the figure we estimate the the expected reaction time is 568
milliseconds (standard error 5 ms) when heart rate is 90 beats
per minute.
The evidence for linearity comes from the 50 pairs of observa-

tions reported in the figure. These observations are restricted to
heart rates between 65 and 135 beats per minute, and statistical
inferences should be similarly restricted for two reasons. Firstly,
the idea that reaction time continues to slow by only 24 milli-
seconds for each further reduction of 10 beats in heart rate is
ludicrous: in particular, reaction time would be infinite when
there is no heart beat. Likewise, as heart rate increases beyond
150 beats per minute, quickening of reaction time would be cut
short abruptly by some grave cardiovascular incident. Common-
sense therefore warns against extrapolation beyond the range of
the data. Secondly, there is an implicitly statistical- reason.
The precision with which we estimate expected reaction time,
given the heart rate, is less the further away the specified heart
rate is from the centre of gravity of the observations. Imagine a
hand as a fulcrum holding a rule which represents the estimated
linear regression function. Errors in the estimation of intercept
move the fulcrum up or down and errors of slope tip the ruler so
that in combination they move the ends in a wider arc than
points near the centre-a physical analogue of what happens in
regression.

Weighted least squares

(14) The variance of reaction time is different in thefigure below
according to heart rate. Describe how the variance changes,
and say whether an observation (80, x) gives as precise information
about expected reaction time for a heart rate of 80 as the point
(120, x) conveys about the mean reaction time of surgeons whose
heart rate is 120 beats per minute.

-the variance ofreaction time is greater when reactions
are slow

-consequently an observation (120, x) is a more precise
estimator for mean reaction time given a heart rate of
120 beats per minute than (80, x) is for the correspond-
ing mean when the heart rate is 80

-weighted regression is called for because variance is
not reasonably constant
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Physical analogue of linear regression.

Different scatter.

COMMENT

Inspection ofthe scattergram in the figure (again fictitious data)
shows fanning out of reaction times about the interval means.

The dispersion is greatest when reaction time is slow and is least
when mean reaction time is short. Such a picture is a denial of the
assumption of constant variance and warns that simple regression
methods are not appropriate. They, of course, are constrained to
treat every paired observation as equally informative-reaction
time having a random error component with the same variance
irrespective of heart rate. Because reaction times are more widely
dispersed when the heart rate is 80 beats per minute the analysis
should give proportionately less weight to such observations.
Statistical advice will usually be necessary to arrive at a correct
analysis. What is important for readers and authors is being able
to recognise when the method of weighted least squares is needed
-and knowing the reason. I have explained the reason-
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Standardised mortality ratio (SMR) (with 950% confidence interval)
for mortality from main smoking-related diseases against smoking
ratio for each of 11 specialties, together with regression line of SMR
on smoking ratio. Longer confidence intervals corresponding to groups
with fewer deaths are given by broken lines only to emphasise visually
that they are unreliable and that attention should be directed chiefly
to shorter solid lines, which describe more reliable SMRs.

heteroscedascity (from the Greek hetros, other or differently,
and skedannumi, to scatter or disperse)-and suggested how
inspection of scattergrams gives insight. Often, however,
theoretical considerations hint at the correct analysis. Indeed,
knowing that a surgeon's reaction time was measured by count-
ing the number of responses in a two-minute interval and then
dividing, I might have guessed that the distribution of counts
was Poisson, making constant variance unlikely. A good example
of statistical thinking being well illustrated is the work of Doll and
Peto,3 who related mortality (from smoking-related diseases)
among doctors in different occupations to smoking ratio (a
relative measure of cigarette consumption). The precision of the
standardised mortality ratio (SMR) is known to depend on the
number of deaths and was different for different specialties.
Confidence intervals for the SMR were shown (see figure
below), the longer confidence intervals that corresponded to
groups with fewer deaths being given by broken lines to empha-
sise their unreliability and to focus attention on the shorter solid
lines that denoted more reliable SMRs. This figure is an excel-
lent representation for the reader of why the authors used
weighted least squares to derive the regresssion line.

I am grateful to Professor Sir Richard Doll and Mr Richard Peto for
permission to reproduce their figure.
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MATERIA NON MEDICA

Munro bagging

We are Munro baggers-our Jack Russell terrier (0-39 m), son
William (158 m), and myself (163 m). I should explain to those
Sassenachs still living south of Hadrian's Wall that a Munro is a
Scottish mountain of more than 3000 feet and listed in Munro's
Tables. Metric revision of the Ordnance Survey maps has led to the
discovery of three new Munros, making 280 in all, and has necessitated
a new edition of the Tables first published in 1891 by the Scottish
Mountaineering Club, but the kudos of 3000-feet has been diminished
to a not-insignificant but less memorable 915 metres.

For us it all started harmlessly enough with a walk through the
Lairig Ghru, a glen walk from the Linn of Dee, near Royal Braemar,
through the heart of the Cairngorms to Aviemore. At the highest
point (820 m) the path crosses a boulder field between Ben Macdui
(1309 m) and Braeriach (1296 m). We thought we would scale Ben
Macdui on our way through the Lairig Ghru-and so we did, in
driving rain and with visibility at 10 metres but with a great sense of
achievement. Beinn a 'Ghlo (1120 m) was our next conquest while
traversing Glen Tilt and then followed a more concentrated attack
on the hills rather than the glens, with Cairngorm (1245 m), dis-
daining the chairlift, of course, Beinn a' Bhuird (1196 m), and Ben
Avon (1171 m). The winter brought too little snow for skiing but
added an element of hardship and danger, giving spice to our ven-
tures and the reward of spectacular scenery, especially Broad Cairn
(998 m) and Lochnagar (1155 m).
By this time we were all but hooked but the final inspiration to go

for all the Munros was Hamish Brown's delightful book Hamish's

Mountain Walk, which tells of his ascent of all the Munros in the
course of a single journey. Hamish recalls that Sir Hugh Munro
(183 m), the author of the Tables, died before he was able to climb
two Munros: the Inaccessible Pinnacle (985 m), known to the
mountaineering fraternity as the Inn Pinn, and Carn Cloich-Mhuillin
(942 m). The latter in "The 3000 feet tops arranged in order of
altitude" (table II) is 226th mountain and 427th top. Sir Hugh was
saving this easy mountain in his own territory of Deeside for his last
ascent and planning to celebrate the occasion with a champagne
party on the summit. We celebrated it with a Yorkie.
Among Munro's Tables is a list of 107 Munroists who have climbed

them all. To date we are 24 down (or should it be up), 256 to go.
Hamish completed them all in less than four months but I shall be
happy if I bag them all in the 30 years I can yet hope for. William has a
little longer, but Britain's top dog may not make it. Look out for
our names in the next but one edition of the Tables.-j RAWLES
(Aberdeen).

Correction

Helping disabled people with travelling costs

The address given for Motability (15 August, p 481) was incorrect and
should read The Adelphi, John Adam Street, London WC2N 6AZ.
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